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Abstract
A compactification αX of a space X is a C-compactification if αX is a C-space. In this paper we
give a characterization of a separable metrizable space having a metrizable C-compactification.
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1. Introduction
We assume that all spaces are separable and metrizable. By a compactification of a
space X, we mean a compact metrizable space containing X as a dense subspace. The
terminology and notions follow [7].
It is well known that every space X satisfies the inequality dimX  n if and only if X
has a compactification αX such that dimαX  n. Every S-weakly infinite-dimensional
space X has a S-weakly infinite-dimensional compactification. However, the converse
does not hold. Borst [2] gave a characterization of spaces having a S-weakly infinite-
dimensional compactification in terms of a special base.
On the other hand, not all C-spaces have a compactification which is a C-space (see
Remark 3.7). In this paper we give a characterization of spaces having a compactification
which is a C-space. This is analogous to Borst’s result above.
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2. PreliminariesWe begin with basic symbols. If A and B are collections of subsets of a space X, then
A< B means thatA is a refinement of B, i.e., for every A ∈A there exists B ∈ B such that
A ⊂ B. Notice thatA need not be a cover even if B is a cover. For a collectionA of subsets
of a space X and for Y ⊂ X we write A|Y for {A∩Y : A ∈A},⋃A for⋃{A: A ∈A} and
[A]<ω for {B: B is a finite subcollection of A}.
A space X is a C-space [1] if every sequence 〈Gi : i < ω〉 of open covers of X there
exists a sequence 〈Hi : i < ω〉 of collections of pairwise disjoint open subsets of X such
that Hi < Gi for every i < ω and
⋃
i<ω
⋃Hi = X. We call 〈Hi : i < ω〉 a C-refinement
of 〈Gi : i < ω〉. A space X is a finite C-space [3] if every sequence 〈Gi : i < ω〉 of finite
open covers of X there exists a sequence 〈Hi : i < ω〉 of collections of pairwise disjoint
open subsets of X such thatHi < Gi for every i < ω and
⋃
i<n
⋃Hi = X for some n < ω.
A compactification αX of a space X is called a C-compactification if αX is a C-space.
Every finite C-space has a C-compactification ([3], cf. [4–6]), however, the converse
does not hold. Indeed, the topological sum
⊕{In: n < ω}, where In is the n-dimensional
cube, is not a finite C-space, though the one-point compactification of which is a C-space.
Suppose that d is a metric on a space X. Then (X,d) is a C-space in the sense of
Haver [10] if for every sequence 〈εi : i < ω〉 of positive numbers there exists a sequence
〈Hi : i < ω〉 of collections of pairwise disjoint open subsets of X such that meshHi < εi
for every i < ω and
⋃
i<ω
⋃Hi = X. If (X,d) is a C-space, then (X,d) is a C-space in the
sense of Haver. In the case when X is compact the converse holds. However, the converse
does not hold in general.
Borst [3] introduced the notion of C-Ha-spaces as follows: A space X is a C-Ha-space
if there exists a metric d on X such that (X,d) is a C-space in the sense of Haver. He also
defined finite C-Ha-spaces as follows: A space X is a finite C-Ha-space if there exists a
metric d on X such that for every sequence 〈εi : i < ω〉 of positive numbers there exists
a sequence 〈Hi : i < ω〉 of collections of pairwise disjoint open subsets of X such that
meshHi < εi for every i < ω and
⋃
i<n
⋃Hi = X for some n < ω. Borst [3] proved that
a space X has a C-compactification if and only if X is a finite C-Ha-space.
The notion of finite C-Ha-spaces is characterized in terms of a special metric. We
introduce the notion of small C-spaces, which is characterized in terms of a special base.
We shall prove that a space X has a C-compactification if and only if X is a small C-space.
We conclude this section with the following lemmas, which will play an important
role in the proof of our main theorem. A collection A of subsets of a space X is called
closure-distributive if for every finite subcollection {A1,A2, . . . ,An} of A, the equality
Cl(A1 ∩A2 ∩ · · · ∩An) = ClA1 ∩ ClA2 ∩ · · · ∩ ClAn holds.
Lemma 2.1 [11, Proof of Theorem 3.6]. Every space has a closure-distributive base.
Lemma 2.2 ([13], cf. [9]). Every ˇCech-complete space X has a compactification αX such
that αX − X is strongly countable-dimensional.
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3. Main resultA collection A of subsets of a space X is separating in X if for every x ∈ X and every
closed set F ⊂ X with x /∈ F there exist A1,A2 ∈A such that x ∈ A1, F ⊂ A2 and A1 ∩
A2 = ∅. Obviously, every separating collection of open subsets of a space X is a base for X.
Definition 3.1. A collection B of open subsets of a space X is a C-base if B satisfies the
following conditions:
(1) B is closed under finite intersections,
(2) B is separating, and
(3) for every sequence 〈Gi : i < ω〉 of covers of X, where Gi ∈ [B]<ω, there exists a
sequence 〈Hi : i < ω〉 of collections of pairwise disjoint open subsets of X such that
Hi < Gi for every i < ω and
⋃
i<n
⋃Hi = X for some n < ω.
Definition 3.2. A space X is a small C-space if X has a C-base.
Obviously, every finite C-space is a small C-space.
A space Y is a ˇCech-complete extension of a space X if Y contains X as a dense
subspace and Y is ˇCech-complete.
Lemma 3.3. Every small C-space X has a ˇCech-complete extension X˜ which is a small
C-space.
Proof. Let Y be a compactification of X. We shall construct a Gδ-set X˜ of Y such that
X ⊂ X˜ and X˜ is a small C-space.
Let B be a C-base for X. For every B ∈ B we set
B̂ = Y − ClY (X − B) and B̂ =
{
B̂: B ∈ B}.
First we shall construct a Gδ-set Z of Y such that X ⊂ Z and B′ = B̂|Z is separating in
Z. Take a countable base U for Y which is closed under finite unions. Let us set
A= {(U,V ): U,V ∈ U with ClY U ⊂ V }.
We enumerateA asA= {(Un,Vn): n < ω}. Fix a number n < ω. For every x ∈ X−ClY Un
we can take Bx1 ,B
x
2 ∈ B such that x ∈ Bx1 , ClY Un ∩X ⊂ Bx2 and Bx1 ∩Bx2 = ∅. We set
Wn =
⋃{





{Vn ∪ Wn: n < ω}.
Obviously, Z is a ˇCech-complete extension of X. Consider a point z ∈ Z and a closed
set F ⊂ Z with z /∈ F . Take n < ω such that ClY F ⊂ Un and z /∈ Vn. Since z ∈ Wn,
we can take x ∈ X with z ∈ B̂x1 . Since Un ∩ ClY (X − Bx2 ) ⊂ ClY (Un ∩ (X − Bx2 )) = ∅,
B̂x2 = Y − ClY (X − Bx2 ) ⊃ Un ⊃ F . Obviously, we have B̂x1 ∩ B̂x2 = ∅. Thus B′ = B̂|Z is
separating in Z.
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Next we shall construct a Gδ-set X˜ of Z such that X ⊂ X˜ and B̂|X˜ is a C-base for X˜.
A finite sequence 〈G′0,G′1, . . . ,G′n−1〉 of covers of X, where G′i ∈ [B′]<ω, is said to be
inessential if there exists a finite sequence 〈H′0,H′1, . . . ,H′n−1〉 of collections of pairwise




Let G be the collection of all inessential finite sequences 〈G′0,G′1, . . . ,G′n−1〉 of covers
of X, where G′i ∈ [B′]<ω . We enumerate G as G = {〈G′m,0,G′m,1, . . . ,G′m,nm−1〉: m <
ω}. For every 〈G′m,0,G′m,1, . . . ,G′m,nm−1〉 ∈ G we take a sequence 〈H′0,H′1, . . . ,H′n−1〉
of collections of pairwise disjoint open subsets of Z such that H′m,i < G′m,i and⋃
i<nm
⋃H′m,i ⊃ X. Then the set Fm = Z −⋃i<nm ⋃H′i is closed in Z and disjoint from
X. Let us set
X˜ = Z −
⋃
{Fm: m < ω} and B˜ = B̂|X˜.
Obviously, X˜ is a ˇCech-complete extension of X. To complete the proof it suffices to show
that B˜ is a C-base for X˜. Obviously, B˜ is closed under finite intersections. Since B′ is
separating, so is B˜. Consider a sequence 〈G˜i : i < ω〉 of covers of X˜, where G˜i ∈ [B˜]<ω.
We set Gi = G˜i |X. Obviously, Gi is a cover of X and Gi ∈ [B]<ω. Since B is a C-base for
X, we can take a sequence 〈Ji : i < ω〉 of collections of pairwise disjoint open subsets of
X such that Ji < Gi and
⋃
i<n
⋃Ji = X for some n < ω. For every i < ω there exists
a collection J ′i of pairwise disjoint open subsets of Z such that J ′i < G′i and J ′i |X = Ji ,
where G′i = {Ĝ ∩ Z: G ∈ Gi}. Since
⋃
i<n
⋃J ′i ⊃⋃i<n⋃Ji = X, 〈G′0,G′1, . . . ,G′n−1〉 is
inessential, therefore 〈G′0,G′1, . . . ,G′n−1〉 = 〈G′m,0,G′m,1, . . . ,G′m,nm−1〉 for some m < ω. Let




Z−Fm ⊃ X˜, we have⋃i<nm⋃ H˜i = X˜. Hence B˜ is a C-base for X˜, therefore X˜ is a small
C-space. 
Lemma 3.4. Every ˇCech-complete small C-space has a C-compactification.
Proof. Since X is ˇCech-complete, by Lemma 2.2, there exists a compactification αX such
that the remainder αX −X is strongly countable-dimensional. We shall prove that αX is a
C-space.
Let 〈Gi : i < ω〉 be a sequence of open covers of αX. Consider the sequence
〈G2i+1|(αX − X): i < ω〉. Since αX − X is a C-space, there exists a C-refinement
〈H′2i+1: i < ω〉 of 〈G2i+1|(αX −X): i < ω〉. Then there exists a sequence 〈H2i+1: i < ω〉
of collections of pairwise disjoint open subsets of αX such that H2i+1|(αX −X) =H′2i+1
and H2i+1 < G2i+1 for every i < ω. Let us set K = αX −⋃i<ω⋃H2i+1. Obviously, K
is compact. Let B be a C-base for X. For every i < ω take a finite subcollection B2i of B
such that B2i < G2i and K ⊂⋃B2i . We set O2i =⋃B2i . Since B is separating and closed
under finite intersections, there exists U2i ∈ B such that X − O2i ⊂ U2i and K ∩ U2i = ∅.
Let us set U2i = B2i ∪ {U2i}. Then U2i ∈ [B]<ω and ⋃U2i = X. Since B is a C-base for
X, there exists a sequence 〈V2i : i < ω〉 of collections of pairwise disjoint open subsets
of X such that V2i < U2i and
⋃
i<n
⋃V2i = X for some n < ω. Let us set V ′2i = {V ∈V2i : V ⊂ B for some B ∈ B2i}. Then we have ⋃i<ω⋃V ′2i ⊃ K . We can take a collectionH2i of pairwise disjoint open subsets of αX such that H2i < G2i and H2i |X = V ′2i . Then〈Hi : i < ω〉 is a C-refinement of 〈Gi : i < ω〉. Hence αX is a C-space. 
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Lemma 3.5. If a space X has a C-compactification αX of X, then X is a small C-space.Proof. By Lemma 2.1, there exists a closure-distributive base U for αX. We may assume
that U is closed under finite unions. Let us set
B′ = {αX − ClαX U : U ∈ U} and B = B′|X.
For every B ∈ B take U(B) ∈ U such that B = (αX − ClαX U(B)) ∩ X. We shall prove
that B is a C-base for X. For B1,B2 ∈ B we have
B1 ∩ B2 =
((
αX − ClαX U(B1)
)∩ X)∩ ((αX − ClαX U(B2))∩ X)
= (αX − ClαX (U(B1) ∪U(B2)))∩X.
Since U is closed under finite unions, B is closed under finite intersections.
Next, we shall show that B is separating in X. To this end it suffices to show that B′ is
separating in αX. Consider a point x ∈ αX and a closed subset F in αX with x /∈ F . Take
U1,U2 ∈ U satisfying the following conditions:
x ∈ U1, ClαX U1 ∩ F = ∅, αX − U1 ⊂ U2 and x /∈ ClαX U2.
We set B ′i = αX − ClαX Ui for each i = 1,2. Then we have
x ∈ B ′2, F ⊂ B ′1 and B ′1 ∩ B ′2 = ∅.
Thus B′ is separating in αX.
Consider a sequence 〈Gi : i < ω〉 of covers of X, where Gi ∈ [B]<ω. We set G′i ={αX − ClαX U(G): G ∈ Gi}. Obviously, we have G′i |X = Gi . We shall show that G′i is





αX − ClαX U(G)
)∩ X: G ∈ Gi}
=
⋃{












U(G): G ∈ Gi
})) ∩X
we have
⋂{U(G): G ∈ Gi} = ∅. Thus we have⋃
G′i =
⋃{(
αX − ClαX U(G)
)




ClαX U(G): G ∈ Gi
}
= αX − ClαX
(⋂{
U(G): G ∈ Gi
})
= αX.




⋃H′i = αX for some n < ω. Let us set
Hi =H′i |X
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for every i < ω. Then 〈Hi : i < ω〉 is a sequence of collections of pairwise disjoint open
subsets of X such that Hi < Gi for every i < ω and
⋃
i<n
⋃Hi = X. Hence X is a small
C-space. 
We now come to our main theorem.
Lemma 3.6. A space X has a C-compactification if and only if X is a small C-space.
Proof. The theorem follows from Lemmas 3.3, 3.4 and 3.5. 
We conclude the paper with relationships between C-spaces and small C-spaces.
Remark 3.7. Pol ([12], see [8, Example 8.19]) constructed a non-weakly infinite-
dimensional space X which has a weakly infinite-dimensional compactification αX. It is
easy to show that αX is a C-space. Hence the space X is a small C-space, though X is not
a C-space.
Let Kω denote the subspace of the Hilbert cube Iω consisting of all points in Iω which
have only finitely many non-zero coordinates. Since Kω is strongly countable-dimensional,
Kω is a C-space. It is known [8, Example 5.5.(1)] that every compactification of Kω
contains a copy of Iω . This implies that Kω is not a small C-space.
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